D Va/l Kampe/ls meofem

let G, ond G, be two greups

a word wn GY6, (s q finike seguence

X=(’<u"u--~7‘n) Some M

where each % s an elemant i 6V6,

define an efm'wa/ence relotion on the set of words gerecated by

a) rep(aae. O,é "M a Squgnce with a-é l‘f’ a,é arse 14 SGme G,-
(avd the revese of thes)

@) lf EG‘ 15 1h a seguente remove. (¥ (here ec,z" the
(amﬂ( the reverse of %&) identrty 14 )
exercise: Show 'Ifu:{ 5 an eiwi/a(ence re/ﬂ

denote the ey«/:i/a/ence class of x by 7x]

Ca[( a WO/‘O( (x'.: (Xl)xbp"'lxn) fe uced ,-.F-
'X’ #eé_(f-he (é’e.qﬁ?}/ 1A el‘fh@"?/buf)
1
X“x’ﬂ from Affe et Groups

exerecse: each 870Wa—[z?nc£ class Ix1 cotalS a uu:fue/ea&ce word.

the -ﬁ’mﬁfavlucf' of G ead G, s the group G, *6, of all e?«uﬁ/ctés/zc&
classes of words 1n G,V G,

moltipliation is [%,... %)Ly, ya1= L% Y, Y3 Yor ]

and let €= ewply worol



Note: ex=xe=x Y=

LT )

exercese: Check mu/fzp/tZafzon 5 assocate
(viduct—on /e‘/yﬂo

Rema/ k: we could debne G, %6, to be the collectzon of
reduced words in G,V6, wift mu/h}o/w‘a,fz'p”

" [’X’,,... Ko, Yy, - Yn]

Pro gg_/)bz _o_-ﬁ_ﬁ'_'t';,& Q/w[ucﬁ 1

, let ) (:,“" G, %6, be the abw’ous vicdusonr  1=1,2
gwen any homoworphisms % G, H where H any Proup
3! Llomomorloh‘-ﬂ"

Lust aply ¢;

P26 H T ters s o)

5.'(- ¢°Jt= ¢,’ 142

——

Pe t‘orzbuy

exerssé: Show prponty above defues the free product
te. if D & any other group Sah's&mj propenty
then D= G *6,
the above. poporty called a onversal property



exarmle:

2 *Z . {xmym_.. xﬁAY Aoym . AJ y K"' .x ’ Yﬂ. A, . nkl 8}
\

<) 1) omplote b of clts 1m0
this s called the free grovp oa Z—.;!&QEM cmd denoted F,

v genernl the free group on u geverators s
Faz Fr% 2 = Zr..»Z (also have £)

bo

= fall words 17 n-letfer alpha be,f', MI(MWSj

note: a I’Iomomo/‘phz?m FZ—6 s 0m7acé/ spec i ed/
by f() and for any chocce g€ G, 3!
Wmamo.fé&m 5&/!0/1&/ 1609
From above proportsy wesee we get a ungue homomonphim
F,—oH oueuwe éoeczfy where the n genenators go

a Mmem‘aﬁo'n (s a grovp

{X | R>

where X s some set

and R G a collection of words v e letteas X U)‘(/Ca/o’ma/t/y of X

let F 'ﬁfeeyrw,o on M 79/1?/!07‘1’/{ where m—/XI
50 we can think of F, as words n X (/X

. R v a collection of elements F.
let {R> be the smallest normal ;uLy/bup of F, comﬁzmin/ R
{rf/\g?ma,p Wf <X’R>15 ,C';/

M{urhfre[ly: < Xiyew ¥ I/‘, /‘M> s the ;@ap o—)‘:a// words ia Xy and x,,“

where f you see 1, Yo cayy remove ot

(you tan abo wisert ¥ any where)

&famg/eg:
) {glg"? i & all words 4 gand g7



99,09 .9% 9% 190
but 3“=3 so y"“;y“j:’j

and g7's 977 9"
50 every elewment 15 of the 1@/‘;« 7k 0shen

erercsse: 9 }j" > — &, < mtegers modulo u

3" — [k] 5 an [SOMOV‘/}'[{WI
s0 47];") i a presentation of 2,
2) a preseatatron of Z is {q] )

/emma 15
Jevery group G bas a presentrtron

Croof: 71«/&1 G, let X be o subset of G that generatfes G
/9,‘ n:/X{ [Coh[dk.ao)

JleF, — ¢
genetor to elrX

let V= kerd 4 F, (norwal Subyrvu,o)
1$t tkomarp/ukm theorem says
6z ":/A/
/gr R be elemeatz o-ﬁ N that gencrat N
S50 G=<{XIR?
Exerceses:
) 62490 sgaltr?, then for ary grop H and
any map ¢ 89,937 H satctuy d(n)=e,
3! homomar/olu\?m E 16— H st 5[71)': ¢[9¢)
2) oF G,= <5:,...7,,l/',---"',.,>
6—; = <h(... ‘t)‘l oppen 5‘ b

ftletl 6,*6,_g<.7u--?nll'l"'h}c.lrl"'/lel""s,c>



91«?&4 o8 4 , Gy and K avd homomr/ohakms
$:K—>6, 1=tz
then the free product with amsalgamatuod s

Gl s CT0T _
) (4w &)™)
kek
Ia/lfe/e <f[“)(‘fzf/'-))d>,t ek S the Sma{eﬂ' normal ;Uéymu/o of 6,"6,_
Contavimg the sef I EANICAD), fkek
the wlea here s that wehave words i the elfs of G, bur when you
see ‘{,’[/t) " a work yoee can ne,o[nce F wibh Yz(k)

M ferms of presentations f 6749, gulrimry >
6,249/ 4,0 |n'e 7l
Ks by byl 85, )

Ok 6% {90 gl i 2, FLIRGY " W) )

then

Exercises:
1) preve presentation above s (orrect

2) let )1 6,— G,%6, be the npatural (nclusion maps

ond )”1 :67—9 6, Y Gz_ the z;;ducedma,of
Guven homomorphsms ¢, 6, —H (# any group)
svch that oW (k= ofk) ¥V hek

then 3/ Aomamr,oéc}m f: G, *x G,"’ H s {,L: 951

Plé{omlly : ¢‘

—

4 2 G,
/ E )
K / > G:*két. -2 H

aﬁ\)élu

¢,
this (s the vaversal propety for Free prodicts with omalgamation



Th*® 16 (Sefert - Von Kampen)-‘ —
let X be a path connected spuce wAth bese point %,
Sypose X= AvB where

A, B and ANB are open, path connectal
Sets and

xEANG
7’7['4”8/ xo.) - T’:[A, xa) amd

‘&:
4['5 ! T (ANBx)— T (8, 8)
be

let

the maps tidused by w clusion

T (Bx)

¥
T (AnB,x)

Remark: More 7em9za//}/ ) F A,J o collectirn of ﬂafA—Cadﬂécffﬁ/ o e sets ("
X/ )QéA.(, A&A A’é, A,(AAA/!A-’ fa'{'ﬁ wnﬂefl‘fé( V “c/’,{ %em
¢ : o T (A, )= T (X x) surjetie with ko &

the smpllere normal sz/%/oa/ N wdﬁfwhy él‘, ﬁ)-" ( 3)@,‘), (7))4
"/‘@‘2 {4’,6 : A.(AAé“" A,,( X m"&(a;ld;»\.

We can now wwyat‘c /m‘s 01[ ﬁn/amerzfa/ Jroups

mmg/e: 1)
Ief- W_,_: “Vedyeoffwc’(ro[e‘s u= S‘VS.

- OO "R
et A/'\J _;C/xef_a_ ' B~ fx)
GO - O <0 Anoxl

. 2) A= 5'~ (3
aud .smit'a./'& 8=
O( so TWlAR)T &= )

so W= AvB TBw) =Z2x<9l>
%, e A8 = X path tonnected T (AG x,) = f€]



‘f:‘-' T (A8, %) — T (4,%) swmiark for T,
e—e

50
”’;[M»,xo) T T (Ax) “1,‘-(4,,50 T(6x)

T Lol 2 %y (9.1 ?
?..’(3,'%‘, )?E f‘ke.f;‘ec;/bryon

2 jen&za-fbtcr
l . ve#emc
Exencesé: 1) + W,= Wy v vy : n —circles
then T (W,5) = F
2) F X any to nnectecl 7:’&/0;',1"/’6" wmiK) s F,t for Some 4

(ve hnow T =s'¢g!
so W(TY = Z®Z but we

Now compute Var Kampe.)

<) =1y,

\

77 /] D
lee A= ['SU8  ad G- 12, = ///A’ '

' D R/l
%o
trercsé: 1) A= Xk
30 92—
) B= {pf] .
//’ ~ 1E5N o s’
3) AaB = '//”. = ///7//‘7 O
%, o T

so mA,%) %<9,
7’:(6,"0): fe}
U (An8,%)= <l D

note: % E AN, %) = T (B &) trvw] mop

what aboct ¥, ¢
Claw, 4 ()= 9,997



] L”ﬂ
W E
9, 1 ] O
xo .>3, XO fsr
¥ ¥o

7 %o

—

h~9%973 %9,

so (T x)T T(Ax) mlAngx) 7 (8,x)

g <9119:.1 > ¥<[‘I > fej

¥ R9,9.099.979"> ';’LZ’ o

ere, cc'se

Werasé: 1) ,43 Zn Y3 the su/‘face o‘F jenasn

T 4 -gon W \dentit i atons

yd
i
/

then (I, %)= 3,9, .. g | 17_[‘ Lo, ,9“-'1>
vhere [hk]= bbb %™

“tomantator



2) Mes ¢s non abelan for n>|
[7«/0'(1'204{' out cven 3,,.'!)

) L, 22X, L,2Z, Pa=un

Th™7: —

le € X be pa-('A connet-el
£:ID" > X be contaruous

X, € D" C 5
2 _(XA1D
Set Y= Xuf b /xéw""vf(x)éx
Theaq W:[X,ﬁ&» xZ n=| @

f];‘[i{xo) z FT(X IC(U)/(’? n=2 r=f,0) and g generafes
T (30, %)

T (X, fx,) nz3
® need X to bave a pomt f(x) eX with open ahd U={$(x)] }

Remar ks: 0 So aﬁém,é,qj [—cell  ods Qenerotor to T (vsvally)
3 ¢ Z—C&[( Qdd; Q re(afzo;t tro T

w w n23-cell Aoesnt c/zan/e w
7—) Thes a//ows vs fo compgart€ 7 of any CW comp/%’.l
K 4 mC any mamica/d and many az"AE/' spaces

Proof: n=z:

o D'L
— 7C[ 2
v . 0%

let A=XySx(oa] =X

—n—
D*- fo}
B = wifercor of D= {/f‘}
AnB = (¥ D*)-fof = 5' et y eAaB that goes fo

‘F('Fa) X Under

4,’4" E(ﬁaa, o) = T(A,y.) ef. retractzon A=X
y s

{391 ) T (X, Fox,)

?8(3):(3

. x '”;/K,ﬁ"o))
o Ty x)= Tlx, £ix) "2 e /<4',.(2)__>./



exercisé; Work out cases n¥2
Vlty do you need ® for n=17

(or [8:
let G be any group with facte preseqtutzon
. then Jafopo@c&aé space X sf 7"(-/)(,2;)'.”-;6

Proot: let =49, .9, ... tu?
let Wo= wedse of n cvles Qg
(Wi, &) Z L9y 9l 2
for cach r; let £:39" W, be o conbruous map

5t (7[1-), (1) = r,

"yw of Z=T(5)

trercze: Why do we hrow svch an 6 hm{s?

(ULa'f' s 2
lee X= VU#(-’I{»D) ; z<@7)

T X )ZE Cby TE17, ‘

broof of Seifert—=Von K'ggﬂyf Th 2

let ‘& LM A, ) — T (%%)

4;3 DB, %) WX, ) be the ho/nonw/'phdms 1induced

by nclusions A o~ X
A c

le €
P TUx)x T(Bx)— Tk

be the homOruo//ohdM mduceAd on the 'ﬁ’ee_,o/odaa‘
re. @ (561l93-.. L1EnD) = $,(x1) 6,079 - - $,(17.])

note: f [¥) €T (4N =)
the n ﬁo‘&({f])i‘d#&e‘{’a(lﬁ)

as loop-(
0 (o)) (Glen)”) = YT - e




5o K= XOEIGE)") c her &
L¥] ¢ [ (AaB, %)

. & widuces a homomorpham, still denoted €,
&: T (4,%,) “%aat, KJWTZB,&J — T (Xx)

lemma 7 Say ¢ s fu//ec‘z“w'e.l
Clami: & wyecte
Suppose fo’,] cT4x), )€ T(8x)
ord & (0vIR) - 1%) =[G40, %)z @
We neeod to show we can get From the |, 0, )
el [7.]

to fh&empf}/ word by a segueace of
doesn't change () replece Qb by ab f ob i same group
word 1A 777!'““75(8) (and reverse of thix)

a{oes"lf OL‘;’Z\Q; 10, (B) (2) 1+ wt see "&(h) then ne//ace. E with
word v T TR uae) "fB[k) (and the converse of ther)

o thg end O says we have a Aomoz‘e/o/

%o

H

x % X

¥, ; Y,
Gs 19 p/ba?c 075 [ema /2(4) lay) vse Leéegfue_ Acmbe

lemma (o ant n $f. sppares of sde /ea/fé %

cre ma//e/ b’y H into A or B { can assome
of 8,9 Aides u)



txercesé: Can assvme H(m ,,)“"K.,

(Cltabr?_ H and Y "7,
but by Lq,moﬁ, mi‘ ¢ L)
19 A or B rf(,ouﬁpe[y>

on r‘a/til /trie_: mﬁdué vse /a{‘lf ¥
X, fo 0/'?wf¢€ [‘/(ﬁt,%‘)

S0 we Llal/C

T &
J S
x, — > X
%o oo |¥Fo [¥o
X x %
S \/"'-/
U S AL
'\'D’,MA 1"7, m 8
/oo/l ot botfom row each 01-4/\- or B
eq A g% ke B X % S,,CA- or B m ANB
. < | A LS A LS A ﬂl53 B |x, o m{/ace.n‘ sqvares
not beth 11 some
1'1 Y;" 171 ? o I{' or B
f‘e: &

Hoe= - Do . (%3 (] = 13[4 7, ) . G TAR)
AL AR Srnyre’) Y o)
X"?/lys; ~Qqueq q; = @ ["n]{’ [’7,} Ly "]

Zs’ »7'” ~ q‘r l;t H a{:s qu ]) [7,'j

= L4 5 S]"fv,l”
= (L% -s]ta]) 1"
"’zf ae5,), sz £7,]
Dpteyes]) 15,7, “I77"
"’£f~7,f$]a?}£7,l)
: [4ene8)) I8 7]

50 we taun jo ﬁ’om s Za."qz“qjl,[ *

one hae [0.]xf %} to uext
by "ama%amaﬁbm relotions "



The formal poof” (maghe dont oo 1 class)
we show how to 9o from the word defined 147 Lo, Yxfk]

o the one ytwﬁ.ﬂ by [ou]x §aelf usz'n; G) and (2)

hductively we have o seguence of n elemeats [2]...[2,]
wheve @ = H|
RS £

each [a) € G=T(AR) or H>T(B%)

(whea 7=0, need o vse (1) t break. %, Y, 147D
jpua[e/‘ 490,0;>

5_1'4&__{'- Ve (2) to arrange. each [an S G or H
according to whether the “spuare abave “ e
6 14 Aor B,/\es/echf/ely

5_f§£_é’ F oat % the "57”4435 " ckauy(; b éeM/ i
A fo éew'y wi B [or vz versz)
thea add § = H%&% wd § o (@]

%€ qu—z]:’ [, =& * Sj]
_ 6 6
Step3:  [a,_ x5 s,]m ,L31%= [ay 28 7)15,1° [a7"

6 = H H G _ H
C:) [QJ“”SJJI [S, ]; [a] cf) Z:QJ-I*S/J; [gf' QJ]
-S—f-%?-" Ugﬂ (1) o Coméw'ze lpo,p; 14 game. G or H
[7f mh.e MMCCC[ w/d)

and note each letter in reduced word
(s ealo repesented by a p/wlad-a'f patls

)

q * HH- "5;"1"1{-’—:7!} (via Aomt‘vﬂ/ H)

Step5: Vse L) to breack s word nto [a] .. (3] P



