
DampersTheorem

let6, and 6 be twogroups

a word in6.062 isa finite sequence

X =(X,X,. ... a) some n

where each Xis an elementin6.V62

define an equivalence relation on the setofwords generated by

(1) replace a, b ina sequence with ab ifabare in same 6
land the reverse ofthis

(2) Ifec, isina sequence remove it there e is the

land the reverse of this identityin6)

&ercise:Show thisis an equivalence rel

denote the equivalence class ofxby[x]

call a word x=(x,x,....,Xn) duced if

X. 72 (the identityineithergroup)6

X1,X,+, from differentgroups

#ercise:each equivalence class 2x] contains a unique reduce word.

the fee productof6, and G is thegroup 6,*6, ofall equivalence
classes of words in6.U62

multiplicationis [x....*m](y,....Yn] =[X,...XmixisYn]

and lete =empty word



note : ex =xe=x Hx

X.
'
= (xii

, ...
,×i

')

exercise : Check multiplication Is associative
(inducton length)

Remark: we could define 6. * 6- to be the collection of

reduced words In 6,062 with multiplication

(×' , . . . ,×m). (y, , ... , yn ) = Unique reduced word{ in [x., ... xm, y, , . . Yn ]

throwoffreeproducts
let );

: G.→ G. * 62 be the obvious inclusion 1=1,2

given any homomorphisms 01,
'

. 6.→ H( Y±mIEfnmg;.ua#wiseImrYyIeII9mI
pictorial"

cnet.to#.
.*

exercise : Show property above defines the free product

ie. if D is any other group satisfying property
then D= G. * 6

.

the above property called a universalproperty



example:
7 *z =(X".ym.... yrnyMm,XN.yM....yNm,yM,xY....yMa, yM(x,,...y"k,23
sing sing complete listof elts n,m,F0

thisis calledthe fee group on generators and denoted FC

in general thefree roup on agators is

Fn =Fny*z =2+...* (also have Fo
--

n - times

=fall words inn-letteralphabet, and riverses)

Note:a homomorphism fiz-6 is uniquelyspecified
byfill and for anychoicegt6, 7!

homomorphism sending 1 to g.
Fromabove property we see we geta unique homomorphism

FnHonce we specifywhere then generatorsgo
a group resentation is a group

(X/R> XTis a copy of
X

↓) wherexeXis
where Xis some set denoted +"in

-1

- 1

and R is a collectionofwords inthe letters XUX
X cardinality ofX

letFn free group on a generators where n =1
x)

so we can think of In as words inX vX

.R is a collectionof elements inFr

let<R> be the smallestnormal subgroup ofIn containing R

the group
that(XIR> isFnR>

Actively:<x,....,Xulr,...rm) is the group ofall words inx,and Xi

where ifyou see v, you can remove it

(you can also insertitanywhere

-examples:
1) <gIgr) thisisall words ing and a



...j.3g,e,9,92,93....,9,,...

butg "=e so gh+'=g"g =g

andg =gng " =gn
-1

so every element is ofthe form glockin

evercase:<g1gr) ->E.x integers
modulo

gh[k] isan isomorphism

so (919") isa presentation of In

2) a presentation ofZ is(9)

#upthas a presentation
-roof:given 6, let Xbe a subsetof6 thatgenerates 6

letn =1X) (could bea

7!6: F. -> G

generator toelf
X

letN=Rer4Fn(normal subgroup)
1 isomorphism theorem says

6 =Fn/v

letR be elementsof N thatgeneratN

SoG =(X/R)

exercises-

1) If6 =(,,....,gnlnrm), then for any group H and

anymap p.5g,.....gn3Hsatisfying P(r1) =2

7!homomorphism E:6-Hst.E(91)
=4(91)

2) if6, =<,....gn/r.... rm

Gz =(4,...4q/5,....Se)

then 6,*6 =(9,...9n,h,...hu/r...rm,s.... Se )



given groups 6, 6, and K and homomorphisms

4,:k +61i =12

then the fee productwithmalgamationis

G,*k6z =G,*G/
(P,(,)(Yz(k))

-

Ykck
where (4,(h)(4(h))")

nek is the smallestnormal subgroup of 6,*62

containing the set 54(h)(42(h) "3hek
the idea here is thatwehave words inthe elts of 6, but when you
see 4./h) ina word you can replace itwith (k)

interms ofpresentations, if.....gn r...rm)
6

=

4,........In'... ru"

k =<h,...hy(s,... Se)
then

6,516 =(9....9n,..... gni,... (m,r,' ... (mi, 4. (hi)(Ch,)"... PCha)(Yn(hz))
"

)

#ercises:
1) prove presentation above is correct

2) let1,:6,+ 6,*6, be the natural inclusion maps
and T1:6, -6,*k62 the inducedmaps

givenhomomorphisms 4G.TH (Hanygroup
such that0.04,(h=804(k) VkeK

then 7!homomorphism 1:G,*k6. -> Hst. 051 =6i

Pictorally:

(6,πE
K 6,*k6, - --H

**
①2

this isthe universal propertyfor free products with amalgamation



TravelSeifert - Van Kampen)--
let X be a path connected space which basepoint Xo

suppose X- AUB where

÷÷÷÷÷÷÷÷÷::
""""

Ypg : ITCANB. xo)→ T, 1B. xD

be the maps induced by inclusion

An B
C A

C B

Then
it
,
(x.%) I T.LA

,
Xo) *
a
, canB.xd

'T(B. %)

#

Remarks. More generally, if IAal a collection of path - connected open sets in
X
, Xo E Aa , Aah Ae .

AanApna y path connected ht xp,8 then

E : I Titta . xo) -1T, IX. xo) surjective with herE

the smallest normal subgroup N containing day )* ( g)⑨a)* (g))
"

where lap : A-an Ap→ Aa is inclusion

we can now compute lots of fundamental groups

example: i )

let INE
"

wedge of two circles
' '
= S

'

v s
'

=

think of as CWcomplex
or subset of IRZ

'et A
= O.O

exercise: is A no = exo)

2) A = S
'

I B

and similarly B =

so it, IA, xo ) I#= <9. l l
so WE AUB

Tl
,
(B. xo) E Z = (gal >

xoe AnB = GO path connected Ti
,
CANB. xd = le}



↑:π,(A1B,X) -> T(A,x0) similarlyfor B
21e

SO

π,(W,X =T,(A,X0) *T(A1B,5) (B,x0)

=(9,))*(e)(92))
=[9,9.1) =F The free group on

2 generators

eacuse:1) IfWh =W-s wedgeofrelies

Then T (Wn, X0) =F

2) ifXis anyconnected graph, then (X)=Fn for some n

Iwe know T=s'xs'4πE= so M(TY =2*E, butwe

now computeviaVankumpen)

x +1 =147and B =TTET =1
ercise:1) A=0 =m

2) B =4p+3

3) A1B =1.1.e.= 15,......Ne
so π,(A,X0)

=(9,9 >

π(B,X0) =(e3

↑(A1B,x0) =(h))

#ofe:4:
π, (A1B, x0) ->π(B,40) trivial map

whatabout4A?
Claim4A(h) =9,9,9,"g."



.

Xo
. ) -

f
Xo

÷
.

÷
.

h - g,
* 92*5*52

SO IT (T?Xo )I IT lA. xo) *
qcanB.×,

IT lB. Xo)

I l g, , go I > *eh , y
le)

= ( 91,921 g, gag,
- '

gi
' > = Z ④I

[exercise

exercise: , ) if 2-
n
is the surface of genusn

tu = 4h -gon 4identifications

⇒¥
then Tf I Eg , Xo)

= ( 91,92 . .
.

9am
I II [922-i i9zi ] )

where [ h . k] = hhh
- 'k "

"

commutator
' '



2) this is non abelian for n > I

(quotient out even g.
'

s )

3) In = Em⇒ In = Em ⇒ n = m

Th '17 .f.

-

let X be path connected

f : 3D
"
→ X be continuous

÷÷÷x¥÷:÷:÷÷:*:c:* )""""

I:3:" ::
" "" an

:*:*:*

⑦ need X to have a point fcxo) c- X with open nbhd U =LHH
--

Remache 1) So attaching l- cell adds generator to it. (usually)
" " 2-cell adds a relation to T,

" " mis - cell doesn't change IT,
2) This allows us to compute Ti, of any CW complex !

i Tf of any manifold and many other spaces
f D2

Prot: n f- 12104

let A- = X y s
'

x (oil ] = X
-

D
'
- {o)

B = interior of D
'
= Ept}

AnB -
- Lin't D ') - lo} = s ' let yo c- AnB that goes to

fcxo) EX under
Ya : Ti (AaB, yo)→ THA

, yo) def
. retraction A- =X

Sil Sll

(g l ) Tl
, (X, fixed

g- f* (g)

4,3cg ) -- e

so Tf(Y, Xo) I TICX , fixed)
*

z
{e} = Ttx, #xo)),

Lf
* (g)I



exercise: Work out cases at2

Why do you need ⑦ for n = I ?

Cord

:#let G be any group with finite presentation\ then I a topological space X set
. TilX.a ) EG-

Proof : let 6=-49, , . . ., gnlr. - . . Rm )

let Wu = wedge of n circles
"

!
Tf lWn ,Xo) = L 9 , , . . ., gal >

for each r; let fi. 215→Wa be a continuous map

set
. Hi )* 111 -- r,

T
gear of Z -

- Tl
, (s

')

exercise: Why do we know such an f, exists ?

let X = Wn u
f.
(If

,

D
'

) ( what is

TIX
. xo ) E G by TheI,

oh ? )

Proofofseiferteankampeathmlb:

letOla
: IT CA. Xo)→ IT, IX.xdtop : THB

,
xo)→ Tilx. xd be the homomorphisms induced

by inclusions ABE X
let

I : THA
,Xo ) * TfCB.xo)→ TilX.xd

be the homomorphism induced on the free product
re. E kritis . . . Erika) -- talks) - looked) - ' - 4,34%3)

÷:¥:
"

mini:
'

am...

as loops
so I 14am)#END

"

) -- EH -Eri
'

.

- e



so K =Hallo3)IYourD)
"

I c-her E
ED E IT(AaB, Xo)

:
. I induces a homomorphism

,
still denoted OI

,

OI : ITA, Xo) *qcanqxojTCB.to) → TilX.xD

lemma 9 say E is surjective !

Claim: I inject 've

Suppose &, )
E TICA

,
xd
,
Em
,
) e TilB

,
xo)

and E (Erden
,) . . . Cnn)) =H*n, . . . *nd = e ④

We need to show we can get from the word
[

rind
,
. . .

1%3to the empty word by a sequence of

doesn't change {
l 't replace
a.b by a . b if a , b in same group

word in That
* TIB) Iand reverse of this)

doesn't change WB){
hi it we see YaCk)then replace it with

word in UTAHTHAN) YB (h) (and the converseofthis)

to this end ④ says we have a homotopy
×
O
-
,

xx.

x1-
J
, Xo Mi

as in
'

proof of lemma 12lb) can use Lebesgue number
lemma to find n Sf

. squares of side length th
are mappedbyIt into A or B Ican assume #

of In
,
divides u)



exercise->can assume H(I,) =40
Schange H and U.,Mj
butbyhomotopyit: -f(x) =

-
6-

in Aor B, respectively) 1

on radial lines ofdishuse path
so we have

to tooriginal HCFi

:El **
⑤

2,'x2,"
~V,Ay, iB

look atbottom row each aic Aor B

2.9. noanpoacoae
S, c Aor B in ANB

1 X0 if adjacentsquares
notboth insame

v,v,"y,n," A or B

#ote: [2,],[7,]" =[v,],,([7,7. (4,"))" 6 =π,(A,X6)
V,*y,'n V, +1,'x53+8, inG *"[v,J,,29,'7",[n,"]

H
H =π(B,X0)

V.xy,,y6, 9,x9, *a3 in6
> (2) [V,]? [n,,],[n,"]

5,xy, ay inH
3 "" (22,3.[7,13); [y,,]

+

=(V,xy,.x3,+5,74(y,"jH
=((5,*4,'x5,].[5,7),"(y,")
(1) [V,+y,,x6,7,[5,30,(y,")

+

(2[u,xy,,x5,70[5,3",(y,"]
()[V,*y,' =6,]([5,J.[y,"])

+

=(V,+y,*6,];,[5, +y,"]

so we can go from
-(a,*9,*9,]",2a,]

one line(0.1x3n] to next

by"amalgamation relations"



The "formal proof
"

Imaybe don't do in class )

we show how to go from the word defined by [0,1]x{ at }

to the one given by [0.1]×{¥} using 4) and (2)

inductively we have a sequence of n elements [
a
, ]

... .
[an ]

where a = HIJ En
.#u]x#

each [ a
,
] E 6=41A. xD or H = I.(B. xD

(when 1=0 , need to use (i ) to break V, ,y, into

smaller loops)

StepI: Use (2) to arrange each [a, 1 Is in G or H

according to whether the "

square above
"
a
,

Is in
' A or B

, respectively

Slept : if at ÷ the
"

squares
"

change from being in
A to being in 13 (or vice versa)

then add 8
,
= H
Its×[ In,#]

and § to [a
,. ,
]

2.e. [a
, .D= [a,, * S, * § ]

G

Step: [a
,.is, * 5,}, , , Lap

"
= [a

, . ,
* s
,}, [5,5,

[a,3
't

= [a. its,j, [5,3,
"

[as "E, [a,. , * 8,5, [§*aD
"

(2)

Step4_: Use (1) to combine loops in' same 6 or H

(i.e. make reduced word)

and note each letter In reduced word

Is also represented by a product of paths

9
'

=H[ in
.
#]×{¥}

(via' homotopy H )

Steps : Use 11) to breach this word into [a,
']
,
... ,[an

' ]
#y


